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Parame te r s  have been calculated [1] for  the thermal  l ayer  ar is ing on longitudinal flow of an unbounded 
cylindrical c o h m n  of gas with an a rb i t r a ry  distribution of the s o u r c e s .  

Here we consider the thermal  boundary layer  for the more  complicated case where there  is a distributed 
btfilar current  along with the cylindrical  region of heat input. The current  in  one direction flows through the 
volume where the heat is produced, while the r eve r s e  current ,  which is equal in magnitude, flows in the current  
layer  (part of the thermal  layer) in accordance with the distribution of the gas conductivity. The magnetic field 
vanishes outside the current  layer ,  while within it the interaction between the currents  and the induced mag- ,  
netic field resul ts  in ponderomotive forces .  A difference from [1] is that the flow in that case is not in general  
isobaric.  The current  produces Joule heating, namely an additional bulk heat source,  which extends to the 
entire current  layer  and which may play an important part in the energy balance.  We consider  the s tat ionary 
state on the assumption that thermal  conduction is the main mode of heat loss .  The problem can be formulated 
as follows in a f rame of reference  coupled to the free flow: One has to determine the s t ruc tures  of the thermal  
and current  boundary layers  formed in rec t i l inear  motion of distributed heat sources  and the bifilar current  
in the gas .  

1. Figure 1 shows the disposition of the axes of the cylindrical  coordinate sys tem and the sections of the 
thermal  and current  l ayers .  The forward current  I with density J0 = (0, 0, J0) is localized in a column of radius 
a and sets up the azimuthal magnetic field B 0 = (0, B0, 0). The reverse  current  with dens[ tyj  = (Jr, 0, - j z  ) p ro -  
duces the opposite field B' = (0, - B ' ,  0). The component Jr of the r eve r se  current  is localized in the main in a 
small region of the initial section. The total magnetic field B = (0, B, 0) can be wri t ten as 

where 

B = Be --  B '  = ~t/2ar(J o _ J), 

r r 

Jo = S 2~r]o dr, J = S 2:~r]zdr~ (1.1) 
0 0 

and g is the magnetic permeabi l i ty .  The output of the external heat sources  is 

b = const, (r ~ a), 
q = b p ,  b ~  O, (r > a). 

The discussion bel(nv can be t r ans f e r r ed  direct ly to the case of any q 60, h) relation. The law adopted for 
the energy production applies in par t icular  when a flux of charged par t ic les  is re tarded by ionization in mat te r  
[2]. The e lectr ic  field provides for the passage of the r eve r se  current .  It is assumed that the current  dis t r ibu-  
tion can be described hy a sca lar  conductivity 

j = ~(E + v•  0.2) 

where v= (v, 0, u) is the gas speed. The following is the initial sys tem of equations for  a perfect  nonviscous 

(1.3) 

(1.4) 

(] .5) 

(1.6) 

(] .7) 

gas in the absence of flow spirall ing 

O(rpv)/Or -}- O(rpu)/Oz = O; 

p(v Ou/Or + u&dOz) . . . .  Op!Oz +- ]rB; 

p(v Or~&" + u Or~&) = --Op/Or q- j .B; 

p(v Oh~Or + u Oh/Oz) .... ~.,Op/Or + ~Op c~z + div((~./Q))vh ) -~ q [ j-'/o; 

= ((7 -- t)/'e)p~, 
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Fig. 1 

Here p is p re s su re ,  h specific enthalpy, k thermal  conductivity, Cp specific heat, and 7 the adiabatic p a r a m -  
eter .  In (1.4) and (1.5) we have omitted the J0 • B te rm,  and in the energy equation we have incorporated only 
the ohmic dissipation for the r eve r se  cur ren t .  These assumptions are  co r rec t  for example when the forward 
current  is t ranspor ted  by a flux of relat ivis t ic  e lect rons .  

2. The sys tem (1o2)-(1o7) can be simplified substantially for  this model.  As j r is small  everywhere  apart  
f rom near  the origin, there  can be marked changes in the axial velocity and p r e s s u r e  along z only within this 
region.  We assume fur ther  that the p re s su re  is only slightly dependent on z within the thermal  layer  (calcu- 
lations for  the entire range of conditions confirm this,  as the p re s su re  hardly var ies  along the axis of the t h e r -  
mal layer) .  Then (1.4) shows that we can neglect the change in the axial velocity of the flow to a f i rs t  approxi-  
mation and put 

u __~ const. (2.1) 

The integral of (2.1) is exact in the absence of ponderomotive forces  and is given in [3] for an e lectr ic  
a r c .  In [3, 4] we find bounds for the increment  in the longitudinal velocity and the variat ion with z. We can 
cer ta inly neglect the change in the axial velocity if ~ I 2 / ( 8 ~ p ~ u ~ a  ~) << 1, but in pract ice  the region is muchwider .  
It is also permiss ib le  to put u ~ u ~ ,  since the effects of the e r r o r  ar is ing at the s tar t  of the l ayer  vanish as z 
increases .  

Equation (1.5) in the boundary- layer  approximation is a condition for  radial  equilibria 0p /a t  =jz B, or  in 
integral fo rm 

0o 

.__ dr 
P - - P ~ - -  2nJ  r ]z(J0--Y)- (2.2) 

r 

We eliminate the e lec t r ic  field f rom (1.2) and integrate the result ing equation with respect  to r within 
the thermal  layer  to get 

A 

d ~ h (2.3) 
E~ Ir=a -- Ez Ir=o = - -  u~  ~ o Bdr  ~ -T-" 

0 

As v is small ,  one can neglect the induced cur ren t  in (1,2) for  Jz and write OhmWs law as 

]~ = ~E z (2.4) 

or  an integral form on the basis that the cur rent  is bidirectional 
a 

I = Ez j 2nrodr.  (2 D5~ 
0 

The following is the energy equation {1.6) in the boundary- layer  approximation: 

ah ah ,aP ap ~_ i a (r ~ ah~ (2.6) 
P~-5;-r -}- Pu w =-" V-~r -i- u'~-z - "u -)'-~:~ "~r ] -}- q -}- ]~E~" 

The boundary conditions are  

~tr>0 -- 0, hl~=0 -- h~, hl~=.~ := h~,  ah/arl~=o = 0, vl~= 0 = 0, 

dh/Or]~._~= --  O, ap/arir= o = 0, Pl~=0 = P~, 91~-~ = 9~ 

3. We follow [3, 4] and solve the problem by an approximate method s imi lar  to the K a r m a n - P o l h a u s e n  
integral method. We integrate (1.3) and (2.6) with respect  to r within the thermal  l aye r  and eliminate v{A, z) 
to get 

d 2 IEz ~ ba~Prn 
-s = 0~, } nu~p~h------~ ' p~h~u-----"-~' (3.1) 

where 
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A 

QP-~ ~9~h~ r v--~- r + u~ dr; 
o 

5 1 p h { h m  ~)P~A~" A'- = g I' P-2- { ': -- i ) rdr = 2A' ~ -~- (-g~ --1) ~dq -==- k~-g~ 
o o 

(3.2) 

Here  A h is the th ickness  of the l a y e r  in which enthalpy is acquired,  while Qp is the heat source  assoc ia ted  
with p r e s s u r e  change, ~ = r / A ,  and the subscr ip t  m indicates values of va r iab les  a t the  axis .  The heat a r i s ing  
because  of f r ic t ion and compres s ion  on flow over  a solid impe rmeab le  su r face  is important  if the flow speed 
is so high that  the r i s e  in t e m p e r a t u r e  f rom adiabat ic  compres s ion  is of the o rde r  of the t e m p e r a t u r e  d i f fe r -  
ence between the body and the gas at infinity [5]. In the presen t  case  of a p e r m e a b l e  obstacle ,  the compres s ion  
effect  is natural ly  much l e s s  (for example ,  t he re  is no p r e s s u r e  change at all if e l ec t romagne t ic  effects  a r e  
absent [1]. Also, as z i nc reases  the t e m p e r a t u r e  d i f ference  within the t he rma l  l a y e r  cons iderably  exceeds  
the t e m p e r a t u r e  level  in the f r ee  flow. There fo re ,  Qp will be neglected in what follows. In that case  a so lu-  
t ion can be obtained by using a o n e - p a r a m e t e r  approximat ion  for  the enthalpy prof i le :  

h = h= + (h~  - -  h~)](~),~ 

where  the function f(~) sa t i s f i es  the conditions 
t 

/(0) = l, /'(0) = 0~ /(i) = 0, / ' ( l)  = 0, /"( l )  = 0,... (3.3) 

The conditions of (3.3) a r e  sat isf ied by the polynomial  

]01) = ( i  - -  ~ l )~( i  + N n )  . 

We used a polynomial  of fourth degree  (N =3). The coefficient k in (3.2) is a function of Pm: 
1 I 

k,=S2f( )nen. / (~) ~d~ .>/ (3.4) 
0 0 

According to (3.4), k 1 =0.2 for  N=3; if the re  is a g r e a t e r  reduction,  when the mean  densi ty  ~>>Pm, then 
we have k < l .  One can take k as approx imate ly  constant (k~ 1) because  the effects  of the inaccuracy  permi t ted  
in the initial par t  vanish as we move away f r o m  the s t a r t  of the l aye r .  

Equations (2.6) and (2.2) take the following f o r m  at the axis :  

dhm E" 2~r(N+i) Zm (hm--h~);  (3.5) 

A 

P m =  P= --  W ~(J0 - -  J). (3.6) 
0 

The s y s t e m  (1.7), (2.5), (3.1), (3.5), (3.6) enables one to de te rmine  Ah, hm, Pro, Pm, Ez; we use the following 
approximat ions  for  the p rope r t i e s  of the medium [4] : 

%m cp~ ~,:  (~ (h) = (~0 (3.7) 

Formula  (3.7) for  the conductivity desc r ibes  the t rans i t ion  f r o m  a cold gas  to a weakly ionized one sa t i s fac to r i ly .  
We have a0 =430 mho/m,  ~ =187 for  a i r  under normal  conditions. It is convenient to isola te  the radia l  depen-  
deuce of a in explicit form: 

a = ~(hm)a'(z, ~1), a' ~< t, 

where  a ' =  V f / + ~ ( t - - / ) e x p { - - a h ~ h m  (hm--h~)(i--D~+(h,~--h~)i}" 

We put ~o 01) ---- ~ ~la'd~l, ~o~ = ~o (t),:to wr i te  (1.1) and (2.5) as 
g 

correspondingly .  

Y = 2go)amEzA ~, I = 2no)~amEzA 2 

Assuming for  defini teness  that  J0 =constant  we get f r o m  (1.1) that 

Jo = Iio(q), 

(3.8) 

(3.9) 
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i(A:/ae) ~l ~, 0] <: a/A), 
w h e r e  i 0 01) = t t ,  01 :~ a/A). 

We in t roduce  the  d i m e n s i o n l e s s  v a r i a b l e s  

x = bz/hoou=, ~p = A~/a2~ g = h,~/h=~ -p = P m / P ~  

= P,,lp~, ~ = ar~l%, e = 4na~(~oEz/kI 

(the b a r s  a r e  s u b s e q u e n t l y  o m i t t e d ) .  The s y s t e m  b e c o m e s  

d~/dx = p + Go; (3.10) 

dg/dx = I + (k!4)G~eZlp - - A ( g  - -  1)"V'/I~P; (3.11) 

e --  2(g - -  t)p/(~p(01); (3.12) 
1 

p := t - - , ~  2 ( g _ • l )  p f dv t ~,  i - - ~  " ~% a ~  (0  "1) '  (3.13) 
0 

p := pg~ (3.14) 

w h e r e  G := kI2/(4a:a~%bp~); ,~ ~ k~I'/(8n2a~p=), A = 2N(N  -F l)k~.~h= /(a2c~bp~) T h e  p r o b l e m  con ta ins  t h r e e  
s i m i l a r i t y  c r i t e r i a  G, 9 ~, A i n s t e a d  of A a long in [1]; G is  the  r a t i o  of the  Jou le  he a t i ng  to  the  h e a t i n g  f r o m  the  
e x t e r n a l  bulk  hea t  s o u r c e s ,  whi l e  9 ~ is  the  r a t i o  of the  m a g n e t i c  p r e s s u r e  to  the  g a s - k i n e t i c  va lue .  The  bound-  
a r y  cond i t ions  a r e  r =0 ,  g ( 0 ) = 1 ,  p ( 0 ) = 1 ,  p ( 0 ) = 1 .  

4. The c h a r a c t e r i s t i c  f e a t u r e  of t h i s  p r o b l e m  is  s i m i l a r  to  a f e a t u r e  in the  p r o b l e m s  of b o u n d a r y - l a y e r  
t ype  and l i e s  in t he  f o r m a t i o n  of the  i n i t i a l  cond i t ions  at  x =0 ( s ingu la r  poin t ) .  If we  a s s u m e  tha t  t he  t h e r m a l  
l a y e r  has  a t h i c k n e s s  ~ a  at  x =0,  t hen  the  s o l u t i o n  is i n c o r r e c t  at  d i s t a n c e s  of the  o r d e r  of s e v e r a l  a n e a r  the  
in i t i a l  s e c t i o n  b e c a u s e  equa t ions  of b o u n d a r y - l a y e r  t y p e  do not app ly  in tha t  r e g i o n .  Also ,  the  cond i t i ons  fo r  
s m a l l n e s s  of Jr  do not  a p p l y  n e a r  the  in i t i a l  s e c t i o n ,  n o r  does  t he  bound of (2.3) f o r  the  e l ec i : r i c  f i e l d ,  and t h e r e -  
f o r e  e x p r e s s i o n  (2.4) fo r  O h m ' s  l aw does  not app ly ,  n o r  do c e r t a i n  a p p r o x i m a t i o n s  such  as  (3.9). As a - - 0  at 
the  s t a r t  of t he  l a y e r  (Fig .  1) we  have  fo r  (3.8) tha t  E z --r162 i f  i = c o n s t a n t .  To avo id  t h i s  d i f f i cu l ty  in  n u m e r i c a l  
so lu t ion  w e  t a k e  the  c u r r e n t  in the  in i t i a l  s e c t i o n  a s  v a r y i n g  in a c c o r d a n c e  wi th  

I ( l - - e  -ue) ( ~ > 0 ) .  

The fo l lowing  r e l a t i o n  is  t y p i c a l  fo r  t h i s  w ide  r a n g e  in the  p a r a m e t e r s :  f o r  n =103-104 the  c u r r e n t  i s  cut  in 
f o r  x ~10 ,  and fo r  ~ = 10 8 fo r  x ~ 4 - 5 .  The so lu t i ons  a r e  r a p i d l y  v a r y i n g  func t ions  of the  c o o r d i n a t e  n e a r  the 
r e g i o n  of c u r r e n t  cut  in and n a t u r a l l y  v a r y  wi th  ~ .  H o w e v e r ,  one e x p e c t s  tha t  the  e f f e c t s  of the  in i t i a l  zone 
w i l l  b e c o m e  w e a k e r  a s  we  m o v e  away  f r o m  the  s t a r t  of the  l a y e r  and tha t  the  s o l u t i o n s  f o r  the  v a r i o u s  a p p r o x -  
i m a t i o n s  n e a r  z e r o  wi l l  c o m e  t o g e t h e r .  C a l c u l a t i o n s  c o n f i r m  t h i s .  F o r  e x a m p l e ,  t he  g(x) c u r v e s  f o r  v a r i o u s  
vt d i f f e r  by 3 -5  o r d e r s  of magn i tude ,  c o m e  t o g e t h e r  a s  x i n c r e a s e s ,  and d i f f e r b y  only 2-3% f o r  x ~ 1 0  2 . 

F o r  9 ~ = G = 0 Eqs .  {3.10)-(3.14) b e c o m e  the  s y s t e m  e x a m i n e d  in [1]. In p a r t i c u l a r ,  a d e t a i l e d  s tudy  
was  m a d e  t h e r e  of the  a s y m p t o t e s  of t he  so lu t i ons  f o r  x ~  0, x ~oo ,  A ~ 0 .  One can  ob ta in  ana logous  e x p a n s i o n s  
fo r  s y s t e m  (3.10)-(3.14) f o r  t he  c a s e  ~ = 0  ; t h e s e  a r e  v e r y  c u m b e r s o m e  and a r e  not g iven .  We m e r e l y  note  
t h a t  the  s i n g u l a r i t i e s  on the  r i g h t  s i d e s  of (3.10)-(3.13) at  x =0 can be  r e m o v e d .  In the  g e n e r a l  c a s e  of a r b i t r a r y  
va lue s  of t he  s i m i l a r i t y  c r i t e r i a  9% G,A the  s y s t e m  (3.10)- (3.14) has  been  i n t e g r a t e d  n u m e r i c a l l y ,  and m o s t  
of t he  c a l c u l a t i o n s  w e r e  p e r f o r m e d  f o r ~  = 10~-104. 

5. F i g u r e 2  shows  t h e e n t h a l p y p r o f i l e s 2  ( 1 - - ~  = 0 ,  G----0, A = 0 ; 2 - - 9  ~ = 0 ,  G =  t0 - 4 , A = 0 ; 3 - ~  = 

0, G ~  t0 --~ A = 0 ;  d - - 9  ~ = i ,  G =  10 -~, A = 0 ;  5 - - 3  ~ =  1, G =  t0-".  A = 1 0 - 3 : 6 - - 9  ~ = 0 ,  G = 0 ,  A : t0-~). 
C u r v e 1  i s  d e s c r i b e d  by the  f o r m u l a  g = l  +x and g i v e s  the en tha lpy  d i s t r i b u t i o n  in the  a b s e n c e  of c u r r e n t  and 
hea t  t r a n s f e r .  C o m p a r i s o n  of c u r v e s  1, 2, and 3 i n d i c a t e s  tha t  t h e r e  is  a m a r k e d  ef fec t  f r o m  o h m i c  d i s s i p a t i o n  
by the  r e v e r s ~  c u r r e n t  on the  gas  h e a t i n g .  C u r v e s  2 and 3 i n i t i a l l y  r i s e  r a p i d l y  b e c a u s e  of the  c u r r e n t  swi tch  
in, but  t he  r i s e  b e c o m e s  s l o w e r  as  x i n c r e a s e s  and the  s l o p e  a p p r o x i m a t e s  to  t he  s l o p e  of c u r v e  1, which  m e a n s  
tha t  t he  r o l e  of the  Jou le  hea t ing  f a l l s  a s t h e  channe l  h e a t s  up and the  conduc t iv i t y  i n c r e a s e s  (the d i f f e r e n c e  in 
t he  o r d i n a t e s  f o r  c u r v e s  2 and 1 fo r  a g iven  x g i v e s  the  en tha lpy  due to  the  c u r r e n t  d i s s i p a t i o n ) .  T h e r e  is  a 
r e l a t i v e l y  s m a l l  e f fec t  f r o m  the  p r e s s u r e  change  in t he  l a y e r  a s  r e g a r d s  the  en tha lpy  (cu rves  3 and 4), wh ich  
a g r e e s  wi th  the  p r e v i o u s  a s s u m p t i o n  about  t he  ~e g l e c t  of Qp. The s i gn  of the  ef fec t  has  a d e a r  p h y s i c a l  m e a n -  
ing:  P r e s s u r e  r e d u c t i o n  l e a d s  to  g a s  c o o l i n g .  F ina l ly~ c o m p a r i s o n  of c u r v e s  1 and 6 wi th  4 and 5 c o n f i r m s  
the  i m p o r t a n t  r o l e  of hea t  t r a n s f e r  in t he  c o r r e c t  e s t i m a t i o n  of t he  en tha lpy  at the  a x i s .  

P a r t i c u l a r  i n t e r e s t  a t t a c h e s  to  t he  d e n s i t y  r e d u c t i o n  i n t h e g a s  w i th in  the  t h e r m a l  l a y e r .  F i g u r e  3 shows 
the t h e o r e t i c a l  r e s u l t s  fo r  t he  d e n s i t y  a s  a func t ion  of the  c o o r d i n a t e  (1 - -  9 0 = 0, G = 0, A = 0; 2 - -  ~ = 0, G 
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G =  10 -2, A = 0 ;  5 - - 9  ~ = i , G = 0 , A = 0 ; 6 - 9  ~ = 0 , G  

=10-2 A=10 -3) ; curve 1 is described by the equation p = (1 +x) -1 and gives the density distribution in the ab- 
sence of current  and heat t r ans fe r .  The Joule heating has a relat ively small effect on the density change (curves 
1 and 2), whereas the p res su re  reduction in the boundary layer  produces a considerable density change (curves 
2 and 3 as against 3 and 4 or  1 and 5). The density reduction may increase  by an o rder  or  more .  As regards  
the effects of Joule heating and p re s su re  change in the layer  we can say that the effect of the f i rs t  is seenmatnly  
in the enthalpy change, while the second is seen mainly in the density. The heat t r ans fe r  substantially reduces  
g and increases  the density in the layer ,  so it should be incorporated.  

The solution can be checked f rom p(x), which takes the following form:  The p res su re  falls to Pmin then 
increases  very slightly with x when the r eve r s e  current  attains its maximum value. Table 1 i l lustrates  the 
dependence of Pmin on the pa ramete r s .  

Figure 4 shows the variat ion of the enthalpy-input layer  thickness with the coordinate for various values 
of the s tm i l a r i~yc r i t e r i a  (sol idl ines 1 - - ~  = 0 ,  G = 0 ,  A = 0 ; 2 - - ~ = 0 ,  G =  l0 "2`A =:0; 3 - - D ~ =  0, G =  l0 -~, 
A = I0-,~; 4 - - ~ =  t, G =  10 -2 , A = 0 : 5 - - D ~  = 0 ,  G = 0 ,  A = t0-~). Curve 1 is descr ibed by the formula 
r =ln(1 + x) and represents  the l aye r  in the absence of current  and heat t r ans fe r .  Joule heating produces an 
appreciable increase  in the  thickness (curves 1 and 2). Heat t r ans f e r  also increases  the thickness (compare 
curves 2 and 3 with 1 and 5), and when these two effects go together  there  is par t icular ly  marked expansion of 
the layer  (Fig. 3). Conversely,  the p res su re  change in the layer  reduces the thickness (curves 2 and 4). 

Broken lines 6-9 in Fig. 4 show the redistr ibut ion of the reverse  current  over the c ross  section of the 
current  layer  as the thickness increases  (6--9 ~ = 0 ,  G = 1 0  -J, A = 0 ;  7 - - ~ = 0 ,  G = t 0  -2 , A = 0 ;  8 - -  
= 0 , t ,  G = t 0  - ~ , A = 0 ; 9 - D ~  = t, G = i 0  -~, A = 0 )  ; the ordinate shows the rat io of the proport ion of the 
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r eve r se  current  J0 flowing outside the current  tube with radius a to the value of the r eve r se  current  Ja flow 
at r < a .  The magnetic  p re s su re  tends to displace the reverse  current  f rom the axis towards  the per iphery,  
but the thickness of the current  layer  and the cur ren t  distribution in it are determined by the conductivity 
profile.  The graphs show that the proport ion of the peripheral  current  increases  monotonically with x. The 
Joule heating and the p res su re  reduction in the layer  tend to increase J0/Ja,  whereas  the value is largely  un- 
affected by the heat t r ans fe r .  

Finally, Fig. 5 shows typical enthalpy distributions (solid lines 1-4) along with conductivity ones (broken 
lines 5-8) t r ansve r se  to the thermal  layer  for  various values of x (~ - - i ,  G - 10 -2, A = 0, curves  1 and 5 co r -  
respond to x== 13.5; 2, 6 - - x = = 2 4 . 7 ;  3, 7 - - x  = 6 1 . 7 ; 4 , 8 - - x = 8 7 , 7 ) .  The thickness of the cur ren t  layer  
is about half the thickness of the thermal  l ayer  and increases  somewhat with x. The graphs i l lustrate that the 
increase  in the conductivity is rapid by compar ison  with that in the enthalpy in the initial part  and that the pro-  
file is drawn out, which is charac te r i s t ic  of weaMy ionized plasma.  

In conclusion we consider  briefly the variations in the e lectromagnet ic  quantities.  The axial e lect r ic  
field is maximal at the s tar t  of the l ayer  and decreases  monotonically as x increases .  The fall is corre la ted  
with the increase  in the conductivity and thickness of the thermal  layer  by the cons tant -cur rent  condition (3.12). 
The mean values of the magnetic field and the radial e lectr ic  field decrease  in accordance  with the increase in 
current  l ayer  thickness.  The mean density of the r eve r se  current  decreases  as x increases  more  rapidly than 
the thickness of the cur rent  layer  increases .  

We are indebted to M. A. Vlasov, S. I. Vybornov, and A. V. Zharinov for  discussions.  
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